We consider a model, given by two interacting electrons in an external harmonic potential, that can be solved analytically for a discrete and infinite set of values of the spring constant. The knowledge of the exact electronic density allows us to construct the exact exchangtiorrelation potential and exchange-correlation energy by inverting the Kohn-Sham equation. The exact exchange-correlation potential and energy are compared with the corresponding quantities, obtained for the same densities, using approximate density functionals, namely the local density approximation and several generalized gradient approximations. We consider two values of the spring constant in order to study the system in the low correlation case (high value of the spring constant) and in the high correlation case (low value of the spring constant). In both cases, the exchang-orrelation potentials corresponding to approximate density functionals differ from the exact one over the entire spatial range. The approximate correlation potentials bear no resemblance to the exact ones. The exchange energy for generalized gradient approximation functionals is much improved compared to the result obtained within the local density approximation but the correlation energy is only a little improved.
I. INTRODUCTION
Density functional theory (DFT) provides an expression of the ground state energy of a system of interacting electrons in an external potential as a functional of the ground state electronic density. ' In the Kohn-Sham formulation of density functional theory,2 the ground state density can be written in terms of single-particle orbitals obeying the equations in atomic units ( fi= e = m = 1) : -; V2+Ue,,t(r) + s &dl.+UxJ [pl;r> (1) where p(r) = ji, 1 $i(r> 12.
(2)
The electronic density is constructed by summing over the iV lowest energy orbitals where N is the number of electrons. next(r) is the external potential. The exchangecorrelation potential u, ( [p] ;r) is the functional derivative of the exchange-correlation energy E&] that enters in the expression for the total energy of the system: J $iV2$idr+ s p(rb.dr) dr +; J-I p(r)pW ,r-r,, dr dr'+-4J~l.
In this formulation the essential unknown quantity is the exchange-correlation energy &, [p] . If the functional form of E&], and consequently the exchange-correlation potential, were available, we could solve the N-electron problem by finding the solution of a set of single-particle equations. However, the exact functional form of EJp] is not known and it is necessary to make approximations for this term.
Here, we present a two electron model for which the exchang-orrelation energy and exchange-correlation potential can be determined exactly. We use the exact results for the model system to test the accuracy of some approximate density functionals, namely the local density approximation (LDA) and some generalized gradient approximations, in reproducing the correct E,, [p] and v,,([p] ;r). We consider the model of two electrons in a harmonic potential. The model has been previously treated by several authors.3-5 Laufer and Krieger solved the model system numerically for a range of spring constants4 Kais provided the analytical solution of the model for only one value of the spring constant.' Both offered a comparison of the exact results with the results obtained from some approximate functionals. In this work, we compare the exact results with the results obtained from the local density approximation and all the generalized gradient approximations that have been proposed by several authors up to the present time and that have not been superseded by more recent functionals constructed by the same authors.
In section II, we discuss the model and the exact simple solutions existing for a discrete but infinite set of values of the spring constant. In section III, we construct the exact exchange-correlation potential and energy by inversion of the Kohn-Sham equation. In section IV, we compare the exact results with the results obtained from approximate functionals for the exact (not self-consistent) electronic density. In the appendix, we list the approximate functionals we consider in section IV.
II. THE MODEL
The Hamiltonian of two interacting electrons in a harmonic potential is lY= -;(v:+v:) +; k(rf+& +$, (4) where k is the spring constant, rl and r2 the electronic coordinates and r12 the relative distance of the electrons. If we introduce the center-of-mass and relative coordinate, R= ( rl +r2)/2 and r =rl -r2, the Hamiltonian is separable and the Schrijdinger equation decouples into two equations: where the total wave function is given by $(rl,r2) =x(R)+(r) and the total energy is Ec,m,+~, X(R) is simply the ground state of a three dimensional spherical oscillator and 4(r) is also an s-state. Taut6 showed that, if we rewrite the radial component of 4(r) as the product of a Gaussian and a polynomial series, the differential equation obeyed by the radial component yields a three step recursion formula for the coefficients of the series. For certain values of the spring constant k, the series terminates at order n. For a given n, the series terminates for several values of k. The polynomial corresponding to the smallest k is the ground state solution. For s-states, the values of the spring constant that yield terminating series are tabulated up to n = 11 in Ref. 6 . The electron density is obtained as p(r)=2 s dr'j$(r,r') 12.
In Fig. 1 , we show the ground state electronic densities corresponding to n=2 (k=0.25 a-u.) and n=10 (kz3.6 x 10m6 a.u.). The two densities are qualitatively different: in the low correlation case, the density has a maximum at the origin while, in the high correlation case, the density shows a local minimum at the origin and an absolute maximum at a finite distance from the origin. The average r,=(3/(4?r~))"~ of the electrons (rs) = l/2 X Jp(r)r,(p(r)) dr is 2.4 a.u. for n=2 and 57.9 a.u. for n = 10. The density corresponding to n = 10 is too low to be physically relevant for electronic structure calculations but is interesting because it comes from a strongly correlated system and has a maximum at a finite distance from the origin so that it differs qualitatively from an atomic density. 
III. EXACT EXCHANGE-CORRELATION
The eigenvalue eKs is equal to er [Eq. (6)] if we impose that the exchange-correlation potential goes to zero at infinity.4 Therefore, the exchange-correlation potential is completely determined. For two electrons in a spin-singlet ground state, the exact exchange potential v, ( [p] ;r) is simply given by the condition that it cancels the selfinteraction term in the Hartree potential;
4( [pl;r) = -i s ,fFii, dr' (11) and G( [pl;r) =h,( [pl;r) -4pl;r).
The exchange-correlation energy is evaluated by inversion of the expression for the total energy [Eq. (3)]; where the total energy E=Ec.m,+~KS. For the case of two electrons with opposite spin, it follows from Eq. ( 11) that
and EJPI = E,,[pl -&LPI.
The correlation potential u, ( [p] ;r) for n = 2, plotted in Fig. 2 , goes to zero at large distance from the origin, approaching zero from above (see Fig. 2 , lower plot). It has the following form at large r: 4 10 16 23 28 Interestingly, the qualitative behavior of the potential over all the spatial range is the inverse of the atomic case,'
IV. RESULTS
The exact exchang+correlation energies and potentials are used to test the accuracy of the approximate exchange-correlation energy functionals listed in the Ap- pendix. We consider the local density approximation and some generalized gradient approximations. The approximate exchange-correlation potentials are evaluated numerically as functional derivatives of the approximate exchange-correlation energy functionals. Since some of the functionals are for exchange only or for correlation only, we present results for exchange and correlation separately. In Fig. 3 we plot the exact exchange potential and several approximate exchange potentials for the two cases, n=2 and n= 10. The approximate potentials differ from the exact potential over all the spatial range. At large r, all the potentials do not reproduce the correct -I/r asymptotic behavior: they go exponentially to zero with the exception of the Becke functional* which behaves as ( -constant/?) [Ref. 91 and of the Langreth-Mehl functional which diverges." At the origin, the exact exchange potential has a minimum because it is simply proportional to the Hartree potential through Eq. ( 11) while the approximate exchange potentials have a maximum in the high correlation case. All the approximate exchange potentials have a finite value at the origin although for atoms all the proposed generalized gradient exchange potentials diverge at the origin. This behavior is explained as follows. Within the generalized gradient approximation, the Thus, let us consider eXC independent of the Laplacian of the density. If the density near the origin goes as (constant + r') and the leading behavior of eXC in the gradient near an extremum of the density is I Vp I m, then the exchange-correlation potential diverges at the origin when
where m and s are positive. For our model system, s=2 while, for atoms, s= 1. Hence, the exchangtiorrelation potential diverges for all values of s if m< 1, and for all values of m if s<l, as is the case for atoms. For the model system, the exchange-correlation potential diverges if m < 2. The divergence for atoms can be eliminated by including appropriate terms containing V2p.' The PerdewWang '91 exchange potential" is very close to the Becke '88 potential' except that it displays additional oscillations TABLE I. Exchange-correlation energy for the approximate functionals listed in the appendix. The functionals are evaluated for the exact density of the model system with spring constant k,=0.25 a.u. and k,, -3.6~ 10m6 a.u. The exact results are also reported. The numbers in parentheses are the percentage errors. The total energies for the two spring constants k, and k, are respectively 2 a.u. and 0.0228 a.u. at the extrema of the densities and in the tail of the density. In addition, as mentioned earlier, the long-distance asymptotic behaviors are different.
In Fig. 4 , we plot the exact correlation potential and several approximate correlation potentials, respectively, for n =2 and n = 10. At large r, the approximate potentials go to zero exponentially with the exception of the WilsonLevy potential12 which goes to a positive constant and the Langreth-Mehl functional which diverges. As predicted by Eq. (16),theWl i son-Levy potential diverges at the origin: eXc ( p, 1 Vp 1) depends on V p as 8 ( 1 Vp ] ) for small values of the gradient of the density. All the other functionals assume a finite value at the origin. In the high correlation case, the Wilson-Levy functional has a discontinuity at the maximum of the electronic density: the functional derivative of the exchange-correlation energy contains the sign of the radial derivative of the density and is discontinuous if the energy density depends on the absolute value of gradient of the density as U ( I Vp I), for small values of I Vp I. The Perdew-Wang '91 potential shows an oscillatory behavior near the maximum at a finite distance from the origin.
From Eq. (14) it follows that a natural definition of the exact exchange-correlation energy density for the model system is 1 s p(r') exe= -4
Ir-r, I dr'.
In Fig. 5 , we plot the exact exchange energy density and some approximate exchange energy densities, E,, = exdP, respectively, for n = 2 and n = 10. At large r, the approximate exchange functionals go to zero exponentially with the exception of the Langreth-Mehl functional which diverges and of the Becke functional which has the wrong asymptotic behavior -l/r for the model although it has the correct asymptotic behavior -1/2r for atoms. At the extrema of the density, all the functionals go to the LDA value.
In Table I , we compare the values of the exact exchange and correlation energies with those obtained from the approximate functionals evaluated for the exact electronic density. The generalized gradient approximation functionals, except for the Langreth-Mehl functional for it = 10, represent a considerable improvement upon the local density approximation. The major corrections are achieved for the exchange contribution. The failure of the Langreth-Mehl functional for IZ= 10 is a result of the diverging energy density at large r. Most of the approximate functionals are constructed to give accurate values of E&l for atoms. It is encouraging that they also improve E.&l for the rather different model system considered here. However, the improvement upon LDA is much larger for atomic systems: for instance, the percentage error in the LDA exchange energy evaluated for the electronic density of helium is 14% and in the LDA correlation energy, -165%, while the percentage errors for the other approximate functionals we listed in the appendix range from -1 to 1% for exchange and from -3 to 19% for correlation.' If we consider the sum of the exchange energy and the correlation energy, LDA yields a good result due to a cancellation of errors and the generalized gradient approximations do not seem any longer to represent such a large improvement upon LDA. All the parameters that appear in the following functionals are in atomic units.
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LDA exchange functional:
where A,=-(3/4)(3/~)"~.
LDA correlation functional (Perdew-Wang13):
emA C =--2ap(l+alr,) 
and CF=3/10(37?) 2'3, a=0.049 18, b=0.132, c=O.2533, and d=0.349. 
